We investigate the influence of quantum fluctuations upon dipolar Bose gases by means of the Bogoliubov-de Gennes theory. Thereby, we make use of the local density approximation to evaluate the dipolar exchange interaction between the condensate and the excited particles. This allows to obtain the Bogoliubov spectrum analytically in the limit of large particle numbers. After discussing the condensate depletion and the ground-state energy correction, we derive quantum corrected equations of motion for harmonically trapped dipolar Bose gases by using superfluid hydrodynamics. These equations are subsequently applied to analyze the equilibrium configuration, the low-lying oscillation frequencies, and the time-of-flight dynamics. We find that both atomic magnetic and molecular electric dipolar systems offer promising scenarios for detecting beyond mean-field effects. . This investigation pioneered a series of experiments which led to a robust understanding of the DDI on a mean-field level. Experimental successes include the direct observation of the DDI in the time-of-flight (TOF) dynamics [2, 3] , the stabilization of a purely dipolar gas [4] , and the observation of a dwave Bose-nova explosion [5] . In the meantime, the DDI has also been observed even in 87 Rb [6] and evidences of it have been found in 7 Li [7] . Recently, an important experiment has been realized, in which the influence of the DDI upon the oscillation frequencies of 52 Cr has been studied [8] . Parallel to these experiments, much theoretical work has been pursued [9] . For instance, building on the previous construction of the dipolar pseudo-potential [10], a solution of the mean-field Gross-Pitaevskii (GP) equation was obtained [11, 12] , which accounts quantitatively for the static as well as the dynamic properties of trapped dilute 52 Cr gases [2, 3, 8] . Nowadays, dipolar interactions in magnetic systems are, therefore, considered to be relatively well understood in terms of the GP mean-field theory. Nonetheless, highly magnetic atoms, such as dysprosium [13] , or strongly polar heteronuclear molecules, exemplified by 40 K 87 Rb [14] [15] [16] , are expected to push the understanding of dipolar systems beyond the edge of mean-field theory's domain of validity.
Introduction -Bose-Einstein condensates (BEC) with the anisotropic and long-range dipole-dipole interaction (DDI) have received much attention, specially after the condensation of 52 Cr in 2005 [1] . This investigation pioneered a series of experiments which led to a robust understanding of the DDI on a mean-field level. Experimental successes include the direct observation of the DDI in the time-of-flight (TOF) dynamics [2, 3] , the stabilization of a purely dipolar gas [4] , and the observation of a dwave Bose-nova explosion [5] . In the meantime, the DDI has also been observed even in 87 Rb [6] and evidences of it have been found in 7 Li [7] . Recently, an important experiment has been realized, in which the influence of the DDI upon the oscillation frequencies of 52 Cr has been studied [8] . Parallel to these experiments, much theoretical work has been pursued [9] . For instance, building on the previous construction of the dipolar pseudo-potential [10] , a solution of the mean-field Gross-Pitaevskii (GP) equation was obtained [11, 12] , which accounts quantitatively for the static as well as the dynamic properties of trapped dilute 52 Cr gases [2, 3, 8] . Nowadays, dipolar interactions in magnetic systems are, therefore, considered to be relatively well understood in terms of the GP mean-field theory. Nonetheless, highly magnetic atoms, such as dysprosium [13] , or strongly polar heteronuclear molecules, exemplified by 40 K 87 Rb [14] [15] [16] , are expected to push the understanding of dipolar systems beyond the edge of mean-field theory's domain of validity.
Already in the case of pure contact interaction, ultracold quantum gases have been the scenario for investigating many-body theories. Theoretically, much work has been carried out based on the Lee-Huang-Yang (LHY) correction for the equation of state [17] , when implemented in terms of superfluid hydrodynamics [18, 19] , or on quantum Monte Carlo simulations [20] . Experimentally, quantum fluctuations have been studied in setups, which favor their enhancement, such as in optical lattices [21] , or in the presence of Feshbach resonances in both bosonic [22] and fermionic [23] systems. In particular, the importance of the latter experiment should be stressed, as it achieved a precision level which is capable of distinguishing the predictions of Bardeen-Cooper-Schrieffer (BCS) mean-field theory from QMC results for the oscillation frequencies of low-lying modes at the BEC side of the BEC-BCS crossover. This demonstrates unequivocally that collective modes provide an adequate testing ground for many-body theories of interacting quantum gases. In this letter, we theoretically study quantum fluctuations in dipolar Bose gases in the large particle number regime. Within the realm of the Bogoliubov-de Gennes (BdG) theory, we first calculate the condensate depletion and the ground-state energy. Then, by applying superfluid hydrodynamics, we discuss the quantum corrections to both static and dynamic properties of the system focusing on the observability of these effects.
BdG Theory -Consider a Bose gas of N dipoles with mass M in a cylinder symmetric trapping potential
2 )/2 with the trap aspect ratio λ. The corresponding Hamilton operator readŝ
Moreover,Ψ † (x) and Ψ(x) denote the usual creation and annihilation field operators, respectively. Considering the dipoles to be aligned along the z axis, the interaction potential reads
where a s = M g/4π 2 is the s-wave scattering length and a dd denotes a length scale which characterizes the dipolar interaction, irrespective whether it is of magnetic or electric nature. At this point, it is useful to introduce the dimensionless relative interaction strength ǫ dd = a dd /a s .
In order to study dipolar Bose gases beyond the mean-field approximation, we follow the Bogoliubov prescription and decompose the field operator according tô Ψ(x) = Ψ(x) + δψ(x), where Ψ(x) is the condensate wave function and δψ(x) accounts for the quantum fluctuations. By considering only the leading term in this expansion, one obtains the GP theory of dipolar BECs, which was exactly solved in the Thomas-Fermi (TF) approximation [11, 12] . In order to go beyond the GP theory, we insert the Bogoliubov prescription into the grand-canonical HamiltonianK =Ĥ − µN , with the chemical potential µ and the number operatorN , and retain terms up to second order in the fluctuations. Then we decompose the fluctuating field operator according to
Here, U ν (x) and V ν (x) are the Bogoliubov amplitudes, whereasα † ν and α ν denote bosonic creation and annihilation operators. The index ν is associated with excited energy levels and, therefore, the sum excludes the ν = 0 mode, which represents the condensate. By requiring the Hamiltonian to be diagonal, we derive the BdG equations
where the diagonal matrix elements are given according to
In these expressions, an important role is played by the functionally diagonal part, which is given by the fluctuation Hamiltonian
Moreover, in the framework of the BdG theory, the operatorα ν annihilates the ground state |0 , so that excitations are interpreted as quasi-particles with energy ε ν . In general, solving the BdG equations exactly is very difficult and numerically arduous in the case of longrange interactions [24] . Nonetheless, they provide an adequate starting point for investigating quantum fluctuations in most cases of interest. Typically, the number of particles is large enough, so that we can neglect the condensate kinetic energy and its wave function becomes Ψ(x) = n 0 (x), where n 0 (x) denotes the TF condensate density. Moreover, in this regime, a semiclassical approximation for the excitations is appropriate. Let
ik·x , where q (x, k) is a slowly varying function of x [25] . With this, the free Hamiltonian
. Despite the simplification, we still cannot solve Eqs. (3) because of their non-local character. The semiclassical approximation also offers a procedure to deal with this problem.
Consider the exchange term in Eq. (3), which, in general, reads
] and cos θ =k ·ê z . This is the leading order in a systematic gradient expansion [26] . To estimate the error of ignoring the next order, we replace the gradients as ∇ x → 1/R TF , ∇ k → 1/K c , with R TF the mean ThomasFermi radius and K c the momentum scale defined by the speed of sound. In terms of the condensate density at the trap center, one finds the LDA to be valid
One of the important physical features brought about by quantum fluctuations is the condensate depletion, i.e., particles are expelled from the condensate to excited states by interactions. The depletion density is, in general, given by n(x)−n 0 (x) = ′ ν V * ν (x)V ν (x) and reduces in the present semiclassical theory to
Here, n(x) denotes the total density of the gas and the auxiliary function Q l (x) = 1 0 du 1 − x + 3 x u 2 l/2 describes the contribution of the DDI. In particular, the function Q 3 is an increasing monotonic function of the relative interaction strength ǫ dd , which is bounded between Q 3 (0) = 1 and Q 3 (1) = 3 √ 3/4 ≈ 1.30. For 52 Cr, the most extensively studied dipolar system, the magnetic moment of 6 µ B with the Bohr magneton µ B and the s-wave scattering length a s ≈ 100 a 0 with the Bohr radius a 0 yield the relative interaction strength ǫ dd ≈ 0.16. Then, the gas parameter n(x)a 3 s evaluated at the trap center is typically of the order n(0)a 3 s ≈ 10 −4 [3] . For a homogeneous system with this value of the gas parameter, the fractional depletion amounts to ∆N/N ≈ 1.5 % and is not significantly affected by the DDI.
The presence of quantum fluctuations also gives rise to a shift of the ground-state energy. The present BdG theory yields the following correction to the energy density
where Q 5 is also a monotonic function and grows from Q 5 (0) = 1 up to Q 5 (1) = 3 √ 3/2 ≈ 2.60. Thus, physical quantities directly related to the ground-state energy offer much better perspectives for observing dipolar quantum fluctuations. Indeed, with the help of Eq. (6) a corresponding LHY equation of state for a homogeneous system can be derived, which leads to the Beliaev sound velocity [27] both in the absence [18] and in the presence of the DDI. Note that both functions Q 3 and Q 5 become imaginary for ǫ dd > 1. This arises from the fact that a homogeneous dipolar gas is only stable for ǫ dd ≤ 1, otherwise the DDI dominates over the contact interaction and its attractive part leads to collapse.
Superfluid Hydrodynamics -At T = 0, the BdG theory states irrespective of the two-particle interaction that the whole sample is superfluid though not all particles are condensed. Thus, the system can be studied by means of the superfluid hydrodynamics. Indeed, by writing the superfluid velocity as v = ∇χ, the superfluid hydrodynamic equations can be obtained by extremizing the action [28] 
with respect to the density n(x, t) and the velocity potential χ(x, t). The energy density of the system as a functional of the particle density e[n] contains a meanfield component, which reads in TF approximation
and a quantum correction, which is given in the case of a dipolar Bose gas by the rhs of Eq. (6). Let us, now, extremize the resulting action (7) within a variational approach. To this end, we adopt a harmonic ansatz for the velocity potential χ(
2 ]/2 and a parabolic ansatz for the particle density
for n(x, t) ≥ 0 and n(x, t) = 0 elsewhere. The bar denotes geometric average. Note that the particular density profile in (9) corresponds to the exact mean-field TF solution [11, 12] . This is consistent with the BdG theory, which assumes that interactions are not too strong. In order to derive quantum corrected equations of motion for the TF radii R i , we eliminate, at first, the variational parameters for the velocity potential through their equations of motionα i =Ṙ i /R i . Then, in the case of a cylinder symmetric trap, we obtain
together with the auxiliary functions
Here, f s (x) denotes the anisotropy function
which arises for both BECs [11, 29] and nonsuperfluid fermionic dipolar gases [30] . In Eqs. (10), the quantum correction is governed by the parameter β = γQ 5 (ǫ dd ) a 3 s N , with the constant γ = 3 (10) leads to the exact mean-field TF results [11, 12] .
The beyond mean-field equations of motion for dipolar Bose gases (10) are the main result of the present letter. They allow for investigating both the static and the dynamic properties of these systems. To this end, we solve them by considering β as a small perturbation, as this is consistent with the assumption of small fluctuations.
Results -As is well known, the DDI affects the system in an anisotropic manner. Thus, in contrast to the case of a Bose gas with contact interaction alone, quantum fluctuations lead to a correction in the gas aspect ratio in equilibrium. To investigate this effect quantitatively, we set the rhs of Eqs. (10) to zero and solve them up to first order in β. Thereby, one finds that the TF radii are given according to R i = R 0 i + δR i , where R 0 i denotes the mean-field value and δR i represents the quantum correction. Thus, the beyond mean-field aspect ratio is κ ≡ (R 0 x + δR x )/(R 0 z + δR z ) ≈ κ 0 (1 + δκ). Usually, the correction to the aspect ration in the present experiments is quite small. For 52 Cr [3] , for example, one has at most δκ 10 −2 , which is too small to be detected. For stronger interactions, this turns out to be an important effect, since it implies a characteristic dependence on the trap geometry due to the DDI. Consider, e.g., the experimental values for particle number N = 3 × 10 4 and trap frequencies ω ≈ 2π × 660 Hz as in Ref. [3] , but instead of chromium values, use a s = 190 a 0 and ǫ dd = 0.7. This could represent a dysprosium sample, which is heavier than chromium and possesses a larger magnetic moment of 10 µ B yielding the dipolar length a dd ≈ 133 a 0 . Then, the correction for the aspect ratio would be about δκ ≈ 27 % for moderate cigar-like traps.
Let us, now, analyze the low-lying excitations. To this end, we apply for the TF radii the ansatz R i (t) = R i (0)+η i sin (Ωt + ϕ) and obtain by linearizing Eqs. (10) a matrix equation which leads to the frequencies of the monopole and of the quadrupole modes up to first order in β. In Fig. 1 , we plot the resulting corrections to the oscillation frequencies as functions of the trap aspect ratio λ in units ofδΩ = (63 √ π/128) a 3 s n(0) for ǫ dd = 0.16. The dashed lines represent the Pitaevskii-Stringari result for contact interaction alone [18] , which we immediately recover by setting ǫ dd = 0. Fig. 1 shows a dependence on the trap aspect ratio, which is substantially different from the contact case and stems from the quantum correction for the aspect ratio. Thus, tuning the trap aspect ratio could be used to identify the effects of the DDI at the many-body level in ultracold Bose gases. This, however, requires stronger interactions. Indeed, the oscillation frequency of the intermediate mode of 52 Cr has recently been investigated in a triaxial trap [8] . For that experiment we estimate the quantum correction of the oscillation frequencies to be of the orderδΩ ≈ 3 × 10 −3 , due to the small particle number and weak trap. For more favorable values of these parameters, such as those in Ref. [3] , one already obtainsδΩ ≈ 1 %. For the previous hypothetical dysprosium setup, one could even havẽ δΩ ≈ 4 %, which should render these effects observable.
For the TOF dynamics, the quantum correction of the equilibrium TF radii also plays an important role. Indeed, by inserting the expansion R i (t) = R 0 i (t) + δR i (t), one derives a set of coupled differential equations for the mean-field TF radii R 0 i (t) and their corrections δR i (t). For a system consisting of 52 Cr atoms, no signal of quantum fluctuations can be seen in the present TOF analysis and the mean-field theory provides again a good agreement with the experimental results [2, 3] . For stronger interactions, however, the situation changes. In Fig. 2 , we plot the ratio κ(t) = [R 0 x (t) + δR x (t)]/[R 0 z (t) + δR z (t)] as a function of time for the previous dysprosium setup. Then, clear differences with respect to the mean-field TOF dynamics show up, specially at large times. To investigate the dependence of the asymptotic aspect ratio on the system parameters we have settled the dipolar length at a dd ≈ 133 a 0 and have varied the s-wave scattering length a s , so as to vary the relative strength from ǫ dd = 0.2 up to ǫ dd = 1.0. Our results are shown in the inset of Fig. 2 , where the asymptotic value [κ(∞) − κ 0 (∞)]/κ 0 (∞) is plotted against ǫ dd for different trap aspect ratios. The results reasonably deviate from the mean-field values, so that quantum fluctuations should be observable in the TOF dynamics of Bose gases of highly magnetic atoms.
